Abstract. In this paper, using fixed point method, we prove the Hyers-Ulam stability of the following functional equation
Introduction and preliminaries
In 1940, Ulam [13] posed the following problem concerning the stability of functional equations: Let G 1 be a group and let G 2 a meric group with the metric d(·, ·). Given > 0, does there exist a δ > 0 such that if a mapping h : G 1 
−→ G 2 satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G 1 , then there exists a homomorphism H : G 1 −→ G 2 with d(h(x), H(x)) < for all x ∈ G 1 ?
Hyers [6] solved the Ulam's problem for the case of approximately additive functions in Banach spaces. Since then, the stability of several functional equations have been extensively investigated by several mathematicians [3, 5, 7, 8] . The Hyers-Ulam stability for the quadratic functional equation (1.1) f (x + y) + f (x − y) = 2f (x) + 2f (y) was proved by Skof [11] for a function f : E 1 −→ E 2 , where E 1 is a normed space and E 2 is a Banach space and later by Jung [10] on unbounded domains.
Let X and Y be real vector spaces. For an additive mapping σ : X −→ X with σ(σ(x)) = x for all x ∈ X, then σ is called an involution of X. For a given involution σ : X −→ X, the functional equation
for all x, y ∈ X is called the quadratic functional equation with an involution and a solution of (1.2) is called a quadratic mapping with an involution. The functional equation (1.2) has been studied by Stetkaer [12] and the Hyers-Ulam-Rassias Theorem has been obtained by Bouikhalene et al. [1, 2, 9] . In this paper, using fixed point method, we prove the generalized Hyers-Ulam stability of the following functional equation
for a fixed non-zero real number k with k = −1.
A valuation is a function | · | from a field K into [0, ∞) such that for any r, s ∈ K, the following conditions hold: (i) |r| = 0 if and only if r = 0, (ii) |rs| = |r||s|, and (iii) |r + s| ≤ |r| + |s|. If · is a non-Archimedean norm, then (X, · ) is called a nonArchimedean normed space. Let (X, · ) be a non-Archimedean normed space. Let {x n } be a sequence in X. Then {x n } is said to be convergent if there exists x ∈ X such that lim n→∞ x n − x = 0. In that case, x is called the limit of the sequence {x n }, and one denotes it by lim n→∞ x n = x. A sequence {x n } is said to be a Cauchy sequence if lim n→∞ x n+p − x n = 0 for all p ∈ N. Since
a sequence {x n } is Cauchy in (X, · ) if and only if {x n+1 −x n } converges to zero in (X, · ). By a complete non-Archimedean space we mean one in which every Cauchy sequence is convergent. 
Throughout this paper, we assume that X is a non-Archimedean normed space and Y is a complete non-Archimedean normed space.
Solutions of (1.3)
In this section, we investigate solutions of (1.3). We start with the following lemma. 
for all x ∈ X and since k = −1,
for all x ∈ X. Letting x = x + σ(y), y = σ(x) + y in (1.3), we get
for all x, y ∈ X. Letting x = σ(x) + y, y = x + σ(y) in (1.3), we get
for all x, y ∈ X. From (2.2) and (2.3),
for all x, y ∈ X. By (2.1),
for all x, y ∈ X. Substituting (2.4) by (1.3), we get
Therefore f be quadratic with an involution. Assume that f (x+y)+f (x+σ(y)) = 2f (x)+2f (y). Letting x = y = 0 in (1.3), we have f (0) = 0. Letting x = 0 in (1.3), we have
for all y ∈ X. By (2.5)
for all x, y ∈ X. From (1.3) and (2.6), f satisfies (1.3).
Remark 2.2. The mapping f : X −→ Y satisfying (1.3) for the case k = −1 is not quadratic. In fact, for a ∈ Y with a = 0, the constant mapping f (x) = a satisfies (1.3) but it is not quadratic.
The generalized Hyers-Ulam stability for (1.3)
Using the fixed point methods, we will prove the generalized HyersUlam stability of the quadratic functional equation (1.3) with an involution σ in non-Archimedean normed space. 
for all x, y ∈ X. Let f : X −→ Y be a mapping such that f (0) = 0 and
for all x, y ∈ X and a fixed real number k with k = −1. Then there exists a unique quadratic mapping Q : X −→ Y with an involution such that
for all x ∈ X.
Proof. Consider the set S = {g | g :
) is a complete metric space(See [9] ).
Define a mapping
x ∈ X and all g ∈ S. Let g, h ∈ S and d(g, h) ≤ c for some non-negative real number c. Then by (3.1), we have
for all x ∈ X. Hence we have d(Jg, Jh) ≤ Ld(g, h) for any g, h ∈ S and so J is a strictly contractive mapping. Next, we claim that d(Jf, f ) < ∞. Putting y = x in (3.2) and dividing both sides by |4(k + 1)|, we get 1
for all x ∈ X and hence
By Theorem 1.2, there exists a mapping Q : X −→ Y which is a fixed point of J such that d(J n f, Q) → 0 as n → ∞. By induction, we can easily show that
for all x ∈ X and n ∈ N. Since d(J n f, Q) → 0 as n → ∞, there exists a sequence {c n } in R such that c n → 0 as n → ∞ and d(J n f, Q) ≤ c n for every n ∈ N. Hence, it follows from the definition of d that
for all x ∈ X. Thus for each fixed x ∈ X, we have
It follows from (3.2) and (3.5) that
for all x, y ∈ X, because |4|L < 1 and |2 n − 1| < 1. Hence Q satisfies (1.3) and by Lemma 2.1, Q is a quadratic mapping with an involution.
By (4) 
for all x, y ∈ X. Let f : X −→ Y be a mapping satisfying (3.2) and f (0) = 0. Then there exists a unique quadratic mapping Q : X −→ Y with an involution such that
Analogously to the proof of Theorem 3.1, we can show that Q is a unique quadratic mapping with an involution satisfying (3.7).
As examle of φ(x, y) in Theorem 3.1 and Theorem 3.2, we can take φ(x, y) = θ( x p + y p ) for all x, y ∈ X. Then we have the following corollary. 
